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A closed, nonlinear set of fluid equations that is based on the electron guiding-center orbits and is gen-
erally applicable to the analysis of crossed-field, slow-wave devices, is developed. The equations are used
to model the behavior of the crossed-field amplifier. The dielectric response from the spoke charge is
self-consistently included. A mean-field approximation is introduced to express the effect of the spoke
charge on the rf mode profile. The dielectric modifications are then parametrized by an average ampli-
tude factor A and an average phase shift § from the vacuum values. In the synchronous with the rf sig-
nal frame of reference the streamlines follow the equipotential surfaces of the transformed fields. In the
steady state, the flow is incompressible. A uniform-density, constant-height electron hub feeds the
current spokes. The secondary electron production at the cathode is computed self-consistently through
the secondary-emission coefficient and the average impact energy. The spoke current is determined by
the difference of the E X B drift at the top of the hub from the rf phase velocity. At small space-charge
density relative to the Brillouin density, the dielectric corrections enter as a rotation ei? of the complex
growth rate relative to the growth without spoke self-fields. The numerical solutions for arbitrary space
charge are compared with previous results without spoke-field effects. An increase in the rf gain and in
the anode dc current is observed at any given operation point, despite a small drop in the efficiency. It is
concluded that the increase in the rf field strength in the anode-cathode space, caused by the spoke self-
field, compensates for the detuning effects from the modifications on the rf mode profile. In reentrant de-
vices, the recycling of the space charge further increases the output power and the level of noise generat-
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ed by the output-input feedback.

PACS number(s): 52.75.Ms, 52.75.Pv, 85.10.—n

I. INTRODUCTION

Theoretical modeling of microwave crossed-field de-
vices (CFD) must cope with certain complex issues par-
ticular to the interaction mechanisms taking place. To
begin with, the geometry of the anode structure, support-
ing the slow wave, complicates the solutions for the
cavity-mode profiles. Also, the electron orbits in the
combined static and electromagnetic fields are rather
complicated, involving several spatial and temporal
scales. Second, it must be recognized that these devices
usually operate well into the nonlinear regime. The
wave-induced nonlinear drift of the electron-guiding
center bunches the space charge in the anode-cathode
space into a characteristic ‘‘spoke” structure. The effects
of the space-charge fields, both from the presence of an
electron sheath around the cathode (hub), as well as the
spokes carrying current to the anode, must be included.
Third, and perhaps the most destinctive feature for distri-
buted emission CFD’s, is the direct coupling of the
current source, the secondary-emission cathode, with the
physical processes in the interaction space above it. Non-
linear saturation is introduced by the influence of the hub
charge on both the secondary emission and the synchron-
ism between the drifting electrons with the wave. Feed-
back mechanisms are also present in amplifiers with re-
circulating hub charge, coupling the input with the out-
put.

In a typical magnetron design, each anode slot sup-
ports a quasistanding em wave. The slow wave around
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the cathode can be thought of as the constructive in-
terference among the fringe fields from a sequence of
slots. For example, at “7-mode” operation, where the
wavelength equals two anode periods (slots plus vanes),
approximately one slow-wave length is traveled along the
tube within the time the em wave travels back and forth
inside one slot. An effective approach of treating the
wave propagation is to replace the complicated anode
geometry with a smooth anode, and prescribe an
equivalent periodic complex impedance [1-3]. One can
then impose traveling-wave boundary conditions on the
anode, while the cathode is treated as perfect conductor.
The dispersion relation is determined by equating the ra-
diation impedance with the anode circuit impedance. An
interesting feature of the magnetron is that most of the
total wave energy is stored in the ‘“‘anode circuit”, i.e.,
vane structure, typically more than ten times the circulat-
ing energy in the anode-cathode gap. When the hub and
the spokes are formed, the power flux in the anode-
cathode gap changes significantly, yet the overall energy
change is small compared to the energy stored in the
anode circuit. The dispersion relation and the boundary
conditions at the anode change little from the vacuum
values. This allows the description of the nonlinear
operation in terms of modified vacuum eigenmodes, of
slowly varying complex amplitude, even at high spoke
current.

The energy source driving the wave instability is the
applied voltage difference across the anode-cathode gap.
Electrons emitted from the cathode are accelerated by
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the electric field across the gap and start to rotate in the
magnetic field. As the average magnetic v X B, force bal-
ances the electrostatic, the center of the electron cyclo-
tron rotation drifts in the E,XB, direction along the
cathode. The maximum electron excursion from the
cathode, about twice the Larmor radius, is less than the
anode-cathode distance for applied voltages below the
Hall cutoff at given B field (condition for magnetic insula-
tion of the anode). When the electrons are let to interact
with a slow wave of phase velocity nearly equal to the dc
drift velocity, they may either lose or gain energy, de-
pending on the relative phase with the wave. If the rf in-
teraction tends to decrease the electron velocity, the elec-
trostatic force momentarily exceeds the magnetic, draw-
ing the electrons closer to the anode. The potential ener-
gy thus extracted from the dc field serves to maintain the
electron drift velocity along the cathode, against the op-
posing force from the rf field. In this process the wave
acts as a drag force, absorbing the energy gained from the
electron slow drift across the anode-cathode voltage, in a
way preserving the E;XB, drift and the synchronism
condition. The resulting motion of the electron guiding
center (GC) is a composite linear dc drift and a nonlinear
rf drift. The rf drift is responsible for the bunching of the
electrons in spokes and the current flow to the anode.

Spoke formation (bunching in space) at even modest rf
power makes CFD operation inherently nonlinear.
Linear perturbation theories, based on small-amplitude
periodic excursions about a uniform GC motion, also
predict diocotron-type instabilities [4—8] in the electron
sheath around the cathode. The unstable modes, trig-
gered by the shear in the drift velocity, can be either slow
waves (v, /c <<1) in magnetrons [4,5] or fast extraordi-
nary waves (v, /c =1) in smooth anode tubes [6—8]. The
linear solutions are singularly localized around some res-
onant layer inside the hub and do not match the profiles
of the CFD excited modes, which are similar in structure
to the vacuum cavity eigenmodes. Large signal studies
[9-12], on the other hand, have dealt with magnetron-
type situations, employing symmetric field structure with
identical spokes, and assuming that the resonant condi-
tion is unchanged along the tube. However, the variation
in the detuning, caused by the hub density evolution
and/or the nonlinear phase slippage, is dominant in
crossed-field amplifiers (CFA’s). In fact, the synchronism
condition may change dramatically from spoke cutoff
near the input to full spoke width near the output. The
rise time for the newly formed spokes at the input must
also be considered. These issues have only recently been
self-consistently addressed [13,14].

A particular feature of the CFD operation is the insen-
sitivity to thermal spreads. Unlike other microwave de-
vices, such as the electron cyclotron maser and the free
electron laser, where the instability is triggered by bunch-
ing in the velocity space, CFD instabilities involve bunch-
ing in real space, manifested by the spoke formation. The
synchronism condition is determined by drift velocity of
the GC, which depends only on the local strength of the
static fields. Any thermal spreads among the emitted or
the injected electrons are distributed in the velocity and
the angle of the cyclotron rotation. It will be shown that
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the wave energy exchange with the cyclotron motion
averages out for a uniform gyroangle distribution. Near-
ly uniform gyroangle distributions are the statistically
most probable in CFA’s, in the absence of cyclotron reso-
nances causing phase bunching. Two consequences fol-
low. First, the wave-particle energy exchange is deter-
mined by the wave-induced shift in the GC position.
Second, the gyrovelocity spreads become irrelevant, and
efficiencies in excess of 50% are easily and customarily
feasible.

A considerable simplification of the CFD theory is pos-
sible by utilizing the separation of time scales in the parti-
cle motion: in a frame of reference moving near the
phase velocity, the cyclotron rotation of an electron
proceeds much faster than the shifting of the center of
this rotation (guiding-center drift). By averaging the fast,
periodic gyromotion out in time, one is left with equa-
tions for the motion of the guiding center [11,12]. The
guiding-center flow has been recently utilized [13,14] in
deriving a closed set of nonlinear equations for the CFA
fields and currents. The spoke current flows along the in-
compressible guiding-center streamlines. A uniform den-
sity electron sheath (hub) feeds the base of the spoke.
The hub density is determined by the balance between
secondary emission and the current drawn. The current
through the top of the hub is controlled at each moment
by the ratio of the dc field detuning from the synchronous
[Buneman-Hartree (BH)] voltage to the rf voltage ampli-
tude. Flux conservation and the flight time for each
spoke element determine the current at any given spoke
location from the current through the spoke base at pre-
vious times. The average electron impact energy on the
cathode is found self-consistently from the local dc and rf
fields.

While the effects of the hub charge around the cathode
have been taken into account [13,14], the fields from the
spoke charge itself have so far been neglected. A com-
plete, self-consistent theoretical model, including the
effects of the spoke-charge fields, is developed in this pa-
per. The space-charge effects are expressed in terms of
the nonlinear dielectric response, obtained in a closed
(nonperturbative) form. The exact solution is then uti-
lized to construct “mean-field” solutions for the total
fields in the cavity. The profiles of these approximate
solutions retain the geometrical similarity with the vacu-
um cavity modes. Thus they can easily fit in the previ-
ously developed formalism while retaining the essential
space-charge effects. In this approach, the spoke self-
field effects are parametrized by a mean change in the rf
voltage amplitude and a mean shift in the rf phase rela-
tive to the empty-cavity values for the same boundary
conditions.

The physical picture emerging from taking dielectric
spoke effects into account remains qualitatively similar to
earlier results. The essence of the CFD interaction lies in
the variation of the synchronism between the electrons
and the wave along the tube, caused by the hub density
evolution, the rf phase slippage, and the variation in the
spoke topology. The hub density plays the primary role
in regulating both the anode current and the production
of secondaries. Regulation of the spoke current results
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from the modification of the dc field above the hub,
which then affects the matching between the E,X B, drift
and the phase velocity. The secondary emission is also
affected by the hub density, since the impact energy de-
pends on the electric-field strength at the cathode. The
spoke-charge effects change the operation characteristics
quantitatively. The spoke charge generates its own rf
field nearly 90° out of phase from the rf phase at the
anode. The self-field generally results in higher field
strengths in the anode-cathode space for given anode rf
voltage, and in a higher current drawn from the hub.
The current flows along the equipotentials of the total rf
field in the synchronous frame. Thus the increase in
current density is accompanied by a phase shift in the
flow pattern from the vacuum mode equipotentials. The
combined effect of the spoke charge fields is an overall in-
crease in both the anode current and the rf output power
at a given operation point, despite a small decrease in the
interaction efficiency. Part of the increase in the output
power comes from the spoke charge recycled to the input
via the tube drift space in reentrant devices.

The feedback introduced by the space-charge recircula-
tion in the tube drift space is of particular importance in
reentrant tubes. The output-input coupling from the
reentrant hub charge and spoke remnants is perhaps the
main noise-generation mechanism in CFA’s. The role of
the hub charge recirculation has already been analyzed
[15]. The balance between current convection and gen-
eration of secondaries causes hub density oscillations
along the tube that are fed back into the input. The am-
plitude of these oscillations becomes large in the case of
cathode material with high secondary emission
coefficient, and the tube cannot settle to a steady state.
The feedback effects are considerably intensified by the
recycling of the spoke charge and its self-field. The level
of the induced fluctuations in the tube output depends on
the relative phase of the reentrant spoke, and the degree
of the spoke ‘“‘debunching” that takes place in the drift
space. Thus the amount of circulating charge is closely
related to the noise levels in CFA’s.

The remainder of the paper is organized in the follow-
ing manner. The basic geometric and physical assump-
tions of the model are laid out in Sec. II. Sections III-V
deal with the description of the CFD dynamics in the
synchronous frame of reference. The theory in these sec-
tions extends the earlier GC approach to the problem by
replacing the vacuum field profiles with self-consistent,
“mean-field” profiles, which include the space-charge
effects. The equations for the GC orbits are derived in
Sec. III. The fluid equations for the hub charge and the
spoke current are obtained in Sec. IV. The description is
completed in Sec. V, where the space-charge fields are ob-
tained from the nonlinear Poisson equation and the
mean-field approximations are constructed. Section VI
returns the discussion in the lab frame, taking advantage
of the steady-state condition and the current conservation
there. The evolution equations for the rf amplitude and
phase are worked out in Sec. VII. The dielectric effects
from the spoke self-fields are brought out in Sec. VIII by
comparing the complex growth rates with and without
spoke charge effects. Numerical results, comparisons

with experiment, and conclusions are presented in Sec.
IX.

II. OUTLINE OF THE THEORETICAL APPROACH

The geometry for the CFA model is depicted in Fig. 1.
A linear, two-dimensional configuration is adopted,
neglecting the effects of the curvature and the nonunifor-
mity along the tube axis z. The dc voltage V. is applied
in the x direction across the anode-cathode spacing D,
while a uniform magnetic field is applied along z. A
single-frequency wave of slowly varying phase and ampli-
tude is considered in our model, given the narrow fre-
quency band characterizing CFA operation at steady
state. A truncated Fourier expansion of all the relevant
quantities into two components, the dc and the funda-
mental spatial harmonic only, is used. Since the anode-
cathode structure supports slow waves, v,/c <<1, the
electrostatic approximation E(r,t)= —VY(r,?) is adopt-
ed for the combined rf and dc fields,
V(r,t)=Vy(r)+YV,(r,t). The potential V(r,t) obeys
Poisson’s equation:

V2Y(r,t)=—4mn(r,t) , (1)

where n(r,t) includes both the hub and the spoke charge.
The simplifying assumption of an electron sheath of con-
stant height d and uniform density n, (without a wave-
length A) is made for the cathode hub. This is based on
numerical observations showing little change in the hub
thickness. Steady-state operation is assumed in the fol-
lowing sense: the rf and dc amplitudes at a given position
r remain invariant in time, while they differ between two
positions r and r’ at any given instant ¢ (amplification
along the tube). In other words, an observer at r always
sees an identical spoke repeating at the wave frequency,
while two simultaneous observers, separated by an in-
teger number of wavelengths, see a different spoke struc-
ture. The incompressibility of the guiding-center flow,
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FIG. 1. Simplified illustration of the CFA geometry. The rf
equipotentials are also the GC streamlines at perfect synchron-
ism.
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shown to be parapotential, and the conservation of the dc
current along the streamlines, valid in steady state, offer a
further and considerable simplification: it is sufficient to
compute the density and current at the base of the spoke
to known them everywhere in the interaction space.
That reduces the dimensionality of the problem down to
one dimension: the distance traveled along the tube.

The single-frequency cavity modes are solutions of Eq.
(1) with n(r,z)=0 subject to as low wave boundary con-
dition at the anode, V,(x=D,y,t)=—V,sin(ky —owt)

and V,(x =0,y,t)=0 at the cathode,
CV(x,y,t)z—17'1sinh(kx)sin(ky—an‘-f—qﬁ) , (2)
where V=V, /sinh(kD). The above profiles approxi-

mate the exact vacuum solutions, having the form of
Bloch waves

VY(x,y,t)=—V,Wi(x,y)sinh(kx )sin(ky —wt +¢) , (3)

where the function W(x,y)=1+3 ,.oW;(x)explil(27/
a)y] carries the y periodicity of the anode vanes a. The
single-frequency eigenmodes of Eq. (3) have a wide wave-
number content k;=k +1(27/a). The reason for drop-
ping terms with /50 from the analysis is that the phase
velocities w/k; are far from w/k given that k <2m/a.
Since the EyXB, velocity in CFD’s is near resonance
with w/k, the [0 terms are out of synchronism and do
not contribute to the wave energy exchange with the elec-
trons. The energy exchange determines the complex
growth rate I'(w), including the wave-number shift from
the vacuum dispersion k(w). The exact vacuum disper-
sion, consistent with the full eigenvalue solutions Eq. (3),
is assumed, since the /70 terms are essential in determin-
ing the vacuum phase and group velocity. Thus, while
the contribution from the nonresonant terms is negligible
in the wave-particle energy exchange, it is retained in the
determination of the synchronism condition and the rf
power flux along the tube.

When the rf interaction with the electrons is turned on,
the amplitude V| and the phase ¢ become slowly varying
functions of the traveled distance y along the tube. In ad-
dition, the spoke self-fields modify the total field struc-
ture. The space charge of a spoke driven by a sinusoidal
anode voltage gives rise to both sine and cosine electro-
static components, as well as a dc contribution and small-
er higher harmonics. The new rf profile, neglecting har-
monics, is given by

Vi(x,p,t)=—V,{[1+¢,(x)]sinh(kx )sin(ky —wt)

+e_(x)sinh(kx)cos(ky —wt)} . (4)

The dielectric components €, ,(x) are obtained from the
solution of a nonlinear Poisson equation. In standard no-
tation €, ,(x) are related to the real and imaginary parts
of the complex plasma susceptibility y by €, =Rey /4w,
€_,=Imy /4m. Note that Eq. (4) can be written as

ot+¢],
(5)
and A(x)={[1

Vi(x,y,t)=—A(x)¥sinh(kx )sin[ ky +(x)—

where (x)=tan [e_,(x)/1+¢,(x)]
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+€,(x)]*+€%,(x)}'/2. The phases ¢ and ¢ are of
different physical origin. The implied slow evolution of ¢
expresses the departure from the vacuum dispersion rela-
tion. Together with the implied change in V, they result
from the wave particle J-E, interaction and are directly
related to the complex growth rate. The phase ¥(x) and
the amplitude factor A(x), on the other hand, are
modifications of the vacuum mode profile by the spoke
self-fields. A and 3 also vary slowly with the traveled dis-
tance y because of the space-charge evolution.

The profiles of Eq. (4) or (5) can replace the vacuum
modes of Eq. (2) inside the previously developed CFA
evolution equations [13,14], yielding together with the
nonlinear Poisson equation (1) a closed system including
the spoke-charge effects. However, it is more analytically
tractable and physically insightful to introduce a mean-
Sield approximAation, involving appropriately defined con-
stants, A and :

— AV, sinh(kx)sin[ky + P —wt +¢] . (6)

A

C\fl(xayyt):

The mean-field solutions preserve the geometrical simi-
larity between the rf profiles with space-charge effects
and the normal mode (vacuum) profiles of Eq. (2). In ad-
dition, the spoke-charge effects are described by only two
parameters: a mean amplitude boost A and a mean phase
shift 1/1 The criterion for obtaining the parameters A and
¥ is that the approximation Eq. (6) produces GC flow
that is “globally” as close as possible to that produced by
the exact proﬁle, Eq . Given the E XB nature of the
GC motion, A and Y are obtamed from the minimization
of fd r||ZX(VV|— —vV)) )|| /7 over a wavelength volume

element.

The field and orbit computations are simplified by go-
ing to the synchronous frame moving at the phase veloci-
ty v, =w/k. In this frame, the wave phase is frozen in
time, leaving only the slow variation of the rf amplitude
and the charge density. In general, the phase velocity
differs from the vacuum value w/k, since the effective
wave number k =k +d¢/dy is modified by the phase
slippage resulting from the wave-particle interaction.
This departure can be important in determining the
wave-particle synchronism. Strictly speaking, v, is not
constant, because d2¢>/dy2—¢0. However the inertial
force due to the change in v, is small, and the synchro-
nous frame will be treated as inertial. Once the spoke
boundaries and the charge distributions are computed,
they are transformed back to the lab frame, where the
final evaluation of the evolution equations for the rf sig-
nal take place.

III. GUIDING-CENTER ORBITS

The fast-time dependence on the rf frequency is elim-
inated by going to the synchronous frame, moving at the
phase Ve]ocity v, =w/k, where the Doppler-shifted fre-
quency o' =w— kv =0. In that frame, the electron ve-
locity is separated mto a slow guiding-center drift and an
oscillating gyromotion. The electron position in phase
space is expressed in terms of the guiding-center coordi-
nates X, Y, p, 0, related to the usual momentum-position
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P, P,x"y' through

x'=X+psinb ,
(7
y'=y+Y+apcosh .

Above, X and Y denote the location of the guiding center
in the synchronous frame having the origin at y = v, pis
the Larmor radius p=v, /Q, Q=|e|B /m,c is the cyclo-
tron frequency, and 6 is the gyrophase. The fast-time
scale equations for the gyromotion above the hub are

do

dt e,

Inside the hub, the gyromotion is affected by the

electric ﬁeld gradient dE /dx ~—ma) /e, where

=4me’n,/m is the electron plasma frequency The
gyratlon becomes elliptical, with the major axis along y
and major-to-minor ratio a=1/(1—w, 2 /02)12 while the
cyclotron frequency is changed to Q= Q./ a.

The gyromotion is averaged out of the exact equation
of motion dp/dt=—eVYV+e(pXB)/m,C by averaging
over 0. This calculation has been carried out systemati-
cally, using canonical averaging methods elsewhere [16].
Rescaling to dimensionless variables, by normalizing
length to k !, time to ® !, mass to m,, charge density
to (mew2/|e| , voltage to (le| /mevpz) and fields to
(kle| /mevﬁ), the guiding-center motion u=(dX/
dt,dY /dt) is given by

p=const (8)

‘Zf*_%%[ AP sinhX sin(Y + )+ AVo(X)]
+0 :;_E’kzpz , (9a)

%:%%[—KVlsinthin(Y+$)+A°Vo(X)]
+0 g_z’kzpz ) (9b)

The term AVy(X)=%Y(X)—QX is the Lorenz transfor-
mation (to order v,/c) of the dc electrostatic potential
YVo(X) in the moving frame, where QX is the induced
vp, X B voltage. In terms of the synchronous field E,, cor-
responding to EXB velocity equal to v, and given in the
dimensionless units by E, = —(Q,

AV X)=YV(X)+E,X . (10)

The expressions for A, {ﬁ, and V,(X) are given in Sec. V.
Equations (9) are derived from the ‘“‘averaged” Hamil-
tonian H(X,Y),

;—_10H ,_10H
X=—o3v Y=gax’ (1n
H(X,Y)=—AV,sinhX sin(Y +§)+AV,(X) , (12)

Because H is an adiabatic invariant, the trajectories from
Egs. (9) or (11) are given by H(X,Y)=const. Equations
(11) can also be written as

VH XZ

u Q , (13)
thus H also serves as the stream function for the flow.
According to (13), the flow is parapotential, following the
equipotential surfaces of the combined transformed po-
tential H=Y(X,Y)+AY(X); in particular, when the
dc field equals the synchronous field, then AY;=0 and u
is nothing but the E;XB, drift in the “frozen” rf field
lines in the synchronous frame. The combined velocity U
in the stationary frame is given by U=v,+u. The veloc-
ity U can also be expressed as

U=uy+u,, (14)

split into the dc drift uy,=cE,XB/B? =JE(X)/
Q=5[v,— Q" d/dX)AV,], and the rf drift
u,=cE, 'XB/B2 In general v,7u, and u#u;, because
the dc field is neither uniform nor equal to E,.

The validity conditions for the GC approximation are
the existence of a separation in time scales,

—_—~— ~

<1, (15)

and the absence of cyclotron resonances
kv, totnQ7+0 for n70 . (16)

The finite Larmor radius effects from the rf field expan-
sion in cyclotron harmonics are of order [16]
Jolkp)o(kp)~1—k**/16 and are neglected for
kp<1/2. Also, the quantities V| and n, must vary slow-
ly, on a time scale much longer than the cyclotron period;
that is, if 77 '=(d/dt)InV,, then Q7r>>27x. Finally,
terms of order O(V?) or higher are neglected in the
right-hand side (rhs) of Eq. (9), implying small ¥, relative
to V4. The quadratic terms ~ V% appear in the guiding-
center velocity u during the fast time averaging [16], and
stem from two effects. First, they express a small depar-
ture from the parapotential flow because of the inertial
force experienced along the curved streamlines. The
effect, known in plasma physics as curvature drift, is of
order ¥3/Q* Second, because of the nonlinear phase

shift ¢(y), the synchronous frame is not moving at the
nominal vacuum phase velocity v,, but at
v,=v,—d¢/dy. Thus the electrons, being in an ac-

celerated frame, experience an additional inertial drift,
proportional to §XBy(dv, /dy). The above validity con-
ditions are usually satisfied for CFA’s.

The trajectories from Eq. (9) are shown in Fig. 1 for no
space charge and dc field equal to the synchronous field
E  =E,. Electrons within —7/2<Y <w/2 are drawn
towards the anode, while the rest are driven back to
the cathode. A departure from synchronism AE,(X)=
—(d/dX)AVyX)=E,(X)—E,=0, either by detuning
the external voltage or by the buildup of space charge,
can cause drastic changes in the streamline topology, as
demonstrated in Figs. 2(a)-2(d). A boundary curve
(separatrix) appears in space, separating trajectories that
can reach the anode from those that cannot. The separa-
trix is the streamline passing through a fixed point
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dX /dt =dY /dt =0 of the equations of motion, Egs. (9).
Given that dX/dt=0 at Y==x7/2 from Eq. (9a), a
separatrix emerges when Eq. (9b),

+coshX —&(X)=0, (17)

has solutions for X. The control parameter £(X) is the
ratio of the detuning AEy(X) to the normalized rf ampli-
tude A¥,. Recalling that the resonant field is related to
the phase velocity by E,=Qv,, and taking into account
the correction in v, due to the phase slippage ¢,
v, =v, —¢, one has

p p
Eo(X)_E,_'ﬂ¢ _ Ud(X)—UI;

X)=-— ==
g( ) kAV] vrf

) (18)

where v =kAV,/Q. The topology of the cross-field
flow depends on the number of roots of Eq. (18). Graphic
solutions of this equation, showing the intersections of
the curves £(X) with *coshX, are depicted in Fig. 3 for
four typical cases. The following possibilities exist:

(a) No solution, in case of no intersection, curve (a),
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Fig. 3. The corresponding streamline portrait is shown in
Fig. 2(a). There is no separatrix and the flow is similar to
the synchronous case £(X)=0 (unrestricted motion to the
anode).

(b) One intersection either with the curve —coshX or
with the curve coshX at X=S§,, curve (b), Fig. 3. The
corresponding topology is shown in Fig. 2(b). One
separatrix curve emerges passing through the unstable
fixed point Q, at (Y=—w/2,X=8,) or
(Y=m/2,X=S8,), respectively.

(c) Two intersections with the curve coshX at X =35,
and X =S|, curve (c), Fig. 3. The streamline topology is
shown in Fig. 2(c). One separatrix curve passes through
the unstable fixed point Q, at (Y=u/2,X =S,) defines an
island centered around the stable fixed point Q, at
(Y=m/2,X=8).

(d) Two intersections with coshX and one with
—coshX, curve (d), Fig. 3. The topology is shown in Fig.
2(d). Two separatricies emerge, passing through the un-
stable fixed points, @, at (Y=—x/2,X=S,), and Q, at
(Y=m/2,X=S,), respectively. An island forms inside

FIG. 2. Guiding-center streamlines in the synchronous frame; (a) V4, =4.50, ¥V, =0.40, n,=0.060, n, =0.015; (b) V4 =4.85,
¥,=0.40, n,=0.040, n,=0.010; (c) V4. =4.75, V; =0.40, n,=0.100, n, =0.025; (d) V,.=4.50, ¥, =0.60, n,=0.500, n,=0.150. In
all cases 2=2.29 and the hub height d =dj.
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KX

FIG. 3. Graphic solution of Eq. (17) with solid lines for
+coshX and dashed lines for £(X). The curves (a)-(d) corre-
spond to Figs. 2(a)-2(d), respectively, representing typical ex-
amples of the topologies (a)—(d) discussed in Sec. III.

the spoke around the
(Y=m/2,X=8,).

The topology changes continuously as the space-charge
density and the rf voltage evolve along the tube. If, for
example, one starts from a case of perfect synchronism
and no space charge, then §(X)=0 everywhere. As space
charge builds up, E,(X) falls below E, inside the hub and
& becomes negative for x <d. At the same time, £ be-
comes constant and positive above the hub. This is a
consequence of keeping the integral f ODdXEO(X )=V
constant: a depression of E inside the hub must be ac-
companied by an increase of E; in the vacuum, in such a
way that equal areas are created above and below the line
£=0. The changes in topology are gradual and do not
lead to discontinuities in the spoke width.

The emergence of the separatrix has two important
consequencies. First, it regulates the current reaching
the anode by limiting the width of the spoke; only trajec-
tories passing between Y, and Y, [heavily shaded areas
in Figs. 2(a)-2(d)] can reach the anode. The width of the
current channel depends on the number of fixed points
and their location relative to the anode and the hub top.
In case of one separatrix with the fixed point S, , below
the anode, the minimum distance of the separatrix from
the cathode S,, must not exceed the hub height d to have
current flowing to the anode. Applying Eq. (12),
H(X,Y)=const, along the streamline passing through
Q,, Fig. 2(b), one finds

S, =&(cosh™lE—S, )—VE—1 . (19)

stable fixed point Q, at

Second, the center of the spoke is shifted from Y =0 to-
wards Y==xx/2. This increases the out-of-phase com-
ponent of the current relative to the rf field, generating a
phase shift d¢/dt, equivalent to a change in the rf wave
number, from the cold tube value k(o) to k'=k(w)+d.

In conclusion, the width of the spoke carrying current to
the anode is a function of the ratio AEy(X)/kV,, where
AE((X)=E,(X)—E, is the departure of the vacuum field
from the synchronous field, E, = — Vyy /D, correspond-
ing to v, =v,.

IV. FLUID EQUATIONS

We adopt the picture of a guiding-center fluid, where
all the currents are associated with the drift motion of the
guiding center. It will be shown that the part of the
current associated with the cyclotron motion, and thus
neglected in the guiding-center approximation, has a zero
contribution to the energy exchange with the wave
(J-E,). The charge and current density are first ob-
tained in the synchronous frame, where the wave oscilla-
tion is frozen and all quantities evolve on the slow time
scale. The GC streamlines include the spoke-charge
effects.

A. Hub charge density

Inside the hub, the guiding-center flow (9) is not a good
approximation for the orbits. For densities near the Bril-
louin density, the drift velocity near the cathode is much
smaller than v,. This shows as a backstreaming with
kY~ in the moving window, violating the time-scale
separation. Also, the streamlines are interrupted by col-
lisions at the cathode, which acts both as a source and a
sink. The detailed motion deep in the hub can be neglect-
ed as long as the average density can be estimated from
the fluxes on the top and bottom of the hub. A uniform
density n(X,Y;y)=n,(Y) is assumed inside the hub
X <d. The rate of change of n, is determined by the bal-
ance between electron production via secondary emission
and electron convection out of the hub through the
current spoke. Secondary electrons are both with their
guiding center located at X <p,=E,/Q% Therefore,
they will strike the cathode again within one cyclotron
period if their guiding center falls within 7/2<Y <37 /2.
Particle simulations have indeed shown that the
overwhelming majority of the impacting electrons have
an ‘“age” of one cyclotron period. The impact rate,
within a section of the tube a wavelength long, is then
given by wdn, v, where the collision frequency v=Q /27.
It yields a production rate of wdn,Q(8—1)/27, where
the emission coefficient 8(g;) is determined from the im-
pact energy g;. The rate of loss is given by the current
I, =I,(X =d) through the base of the spoke. Therefore,
the density evolution equation in the lab frame is

3 InohdQ(8—1)—1I, 20)
%3y W)= 2mhd ’
given that at steady state d/dt=v,;0/9y. The

secondary-emission coefficient & depends on the dc
cathode field E, and the rf voltage V', through the impact
energy €;. The following semiempirical formula [17] is
used:
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€;
1___.
£

m

g
8(e;)=5,, ] : 1)

€;
—exp
SWl
where 8, is the maximum value at impact energy €,, and
§{=2. The average impact energy in the Lab frame ¢,
computed in Appendix A, is given by

|E.|
g, =4—

; o V,sinh(kp,) , (22)

where p, is the electron cyclotron radius at the cathode.

B. Spoke flow

Above the hub, X >d, the electrons follow the
guiding-center trajectories, Egs. (12). According to (13),
the parapotential flow is incompressible:

V.u=_v.M=0 ) 23)
Q
Using (23) inside the charge-conservation equation,

on /0t +V-nu=0, it follows that the total (convective)
derivative of the charge density inside the spoke is zero:

dn _ dn

—=—+uVn=0. 24

P Vn (24)
Thus the density n(X,?) in the spoke position X at time ¢
is simply the hub density ny(t —7) at time t —7(AX,AY),
where 7 is the flight time for a fluid element to go the dis-
tance AX=X—d, AY=Y—Y,. Defining the retarded
position

FX)=y —v,7X) (25)

in the stationary frame, one has n(X,Y;y)=no(y —v,7).
It is therefore sufficient to know the hub density at previ-
ous locations to find the spoke density everywhere in the
interaction space,

n.(y), X<d,

n(X,Y;y)= {n.(5(X), ¥,(X)<Y<¥,(X), X>d,
0, elsewhere ,

(26)

where ?1,2(X) are the spoke boundaries. The current
density in the synchronous frame, ignoring the cyclotron
contribution, is J(X,Y)=n(X,Y)u, with n given by Eq.
(26).

V. SPACE-CHARGE FIELDS

The theoretical description is completed with the eval-
uation of the hub-charge and the spoke-charge contribu-
tions, which are derived from the previously obtained
spoke profiles. The spoke self-field changes the structures
of both the dc and rf components of the electric fields in-
side the anode-cathode space quite significantly. Howev-
er, it can be argued that the effect on the form of the
boundary conditions at the anode is small. Most of the
wave power flux is supported by the anode circuit, the
propagation characteristics of which are independent of
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the charge in the anode-cathode gap. The change in the
dispersion relation and the field profiles inside the slow
wave structure is small, even when the spoke self-fields
are comparable to the vacuum fields in the anode-cathode
space. Thus, at any given operation frequency w, the
boundary condition at the anode (i.e., vane tips) is still
approximated by a single sinusoidal slow wave:

V(D,y,t)=—V;sin(ky —ot +¢) . (27)

The space-charge contributions alter the field profiles in
the anode-cathode gap away from the vacuum profiles
obtained under the same boundary condition (27). The
field modifications, in turn, affect the rates of the slow
amplitude variation dV,;/dy and the phase slippage
d¢/dy, computed from the J-E average over a
wavelength-long slice of the anode-cathode space. Self-
field evaluation proceeds in two steps. Exact expressions
for the dc and rf spoke-field contributions are obtained in
the first subsection. The mean-field approximations are
then extracted in the next subsection.

A. Poisson’s equation

The Poisson equation for the total potential V in the
synchronous frame is

VY =—4mn , (28)

where n includes both the hub- and the spoke-charge den-
sity. Taking the Fourier transform in the Y direction and
letting V(X,Y)=3Y (X)sin(mY)+V_, (X)cos(mY),
one has

d2

e Vo(X)=—4mny(X) , (29)
d* . ,

W‘VM(X)—mz‘Vim(XF —4mn,,, (X) . (30)

Henceforth, the subscript (+) signifies the in-phase (sine)
and (—) out-of-phase (cosine) components. The Fourier
components of the spoke charge are given by

1 ?2(X) _
nO(X)-E; ?,(X) Yno(y),
(31)
1 phw B cos(mY)
”im(X)—;ff,l(X) dXno (3)X \sin(my) -

The dc component of the space charge is equal to the uni-
form hub density n, for X <d, and to the average spoke
density ford <X <D,

no(X)=1 R ~ (32)
_”;no(j;)[Yz(X)_Yl(X)] > X>d >

where 7n,(¥)=no[y —v,7(X)] is the time-retarded hub
density, according to the earlier discussion. Substituting
in (29), one obtains the dc field
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E X+2mn,X*, X<d

E X+4mn.d X——2— J—B‘VO(X) , X>d,
(33)
where
X ’ X’ ”n ”n
—SC\/O(X)=47rfd dx fd dX"ng(X") . (34)

The cathode field E. =E,(0) is determined from the con-
dition V(D)=V ..

The anode circuit does not support higher harmonics
|m|>1 and is driven by a sinusoidal input signal. In the
synchronous frame, the boundary conditions for the rf
field at the anode are V'(D,Y)=—V sinY. Thus, the
Fourier components of (30) are subject to the following
boundary conditions: V1(0)=0, VD)=V,
Y_,(0)=VY_,(D)=0 and YV, (0)=%,(D)=0 for

|

ne,(X)=0, X<d,
n, (X') |

P (XY | T e PIXDIX

The Green’s function

__sinh(mX _)sinh[m(D—X )]
B m sinh(mD) ’
where X _ =min(X,X’), X.=max(X,X’), satisfies
G,(0,X)=G,,(D,X')=0, to comply with &YV, (0)
=58%V,,(D)=0, i.e., to preserve the boundary conditions

at the anode and the cathode.
The complete solutions (36) then yield

G, (X,X')

(38)

VY(X,Y)=—P,sinhX {[1+€,(X)]sinY +e_,(X)cosY} ,

(39)
with the dielectric response elements defined by
8V (X)
€ (X)=——"
VsinhX
sinhD D
=—4r———— | dX'G,(X,X’ X'). o
T sinhX J, (X, Xy (X') . (40)

The in-phase dielectric response can be either negative
(shielding of the rf potential) or positive (reinforcing), de-
pending on whether the spoke is centered around 7/2 or
—1 /2, respectively. A null contribution results for a
spoke centered around Y =0 (exact synchronism). The
opposite is true for the out-of-phase dielectric response
€_,(X). Equation (39) is recast in the form

Vi(X,Y)=—A(X)V sinhX sin[ Y +¢(X)] , (41
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m71. Although the space-charge-induced field harmon-
ics and out-of-phase components are finite in the interac-
tion space, their amplitudes vanish both at the anode and
the cathode.

The solutions of (30) can be written as a combination of
the homogeneous and nonhomogeneous parts,

v, =YV, +8V,, , (35)

respectively. The homogeneous solution V,, subject to
the anode boundary condition yields the vacuum mode
profile V,(X)= —(V, /sinhD )sinhX sinY. The nonhomo-
geneous part 8V, yields the spoke self-field that contains
both in- and out-of-phase terms relative to the applied rf
input voltage,

—S‘Vim(X)=47Tf0DdX'nim(X')G,,,(X,X') . 36

The relevant charge densities inside (36) are

(37)

—cos[mY,(X')]+cos[mY (X')]
sin[mY,(X')]—sin[mY (X")]

, X>d .

where the amplitude factor is related to €.,(X) by
AX)={[14¢€,(X)]*+€~,(X)}!/%, and the phase shift
¥(X) by y=tan"(e_,/1+¢,). From (30), it follows that
the higher harmonic contributions m >1 scale as
8V, ~8V (1/m?).

B. Mean-field approximation

The exact solutions for the dc and rf fields from the
spoke charge are used to obtain “mean-field” solutions
for the purposes explained earlier in the outline section.
The expression for the dc mean field is computed by re-
placing the actual spoke profile with a triangular density
profile:

X—d

Ao(X)=n; l—m . (42)

The effective density n; is then determined by setting the
effective spoke potential resulting from Eq. (42) equal to
the exact value 6V,(D) from Eq. (34). Thus the mean dc
field, including the hub- and spoke-charge contributions,
is given by

E.X—(1/2)0}X*, X<d

—Vo(X)=
2 d
EX—a}d |X—
(43a)
1 X—d
—1oX(X—d)?|1—= >
Lol d){l 3D —d , X>d,
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FIG. 4. (a)-(c) Equipotentials from the exact solutions with spoke charge fields, computed at (a) 1.50, (b), 12.75, and (c) 15.25
wavelengths along the interaction space during the run discussed in Figs. 6 and 7. The respective mean-field equipotentials are shown

in (d)-(f).
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and the mean dc electric field by
E.~0}X, X>d

~ (43b)
Bl0= e d—ox—a) 1-1 X749 | x<a
©pe s 2D—d |’ ’
where w) = —4mn,, w?=—4mn,, and
n,=—38Vy(D)/4m(D —d)*. The cathode field is ex-
pressed in terms of w, and vy, as
4 d d |

— dec 2 1 2

=——% -2 |41 -4 4
E, Soteid [1-55 JwSD‘l S (44)

The sought after approximation g for the total rf field
. Y, Eq. (39), contains constant A and §:

C\/I(X,Y)z—AVlsinthin(Y~}—1IJ) . (45)

|

(€,;sinh®X +€,cosh?X )
((1+¢€,)sinh?X +(1+€_,)cosh’X )

J=tan™"
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Expression (45) preserves the geometric similarity with
the vacuum rf profiles and makes the equations analyti-
cally tractable. The goal is to select A and ¥ in order to
yield amplitude growth rates and phase slippages that
closely approximate those obtained from the exact
profiles. The complex growth rate depends on the fast-
time, short-scale averaged J-E,, where E, is the vacuum
solution and J is the spoke current. Since J is determined
from the parapotential GC flow, Jx —ZXVYV/Q, we
seek A and " producing EXB flow as close as possible to
the exact solution over one wavelength area. Thus A and
zp are obtained by the minimization of

1= ["ax [ay (2X[VVi(X,Y) = VY (X, Y;A, D)1
(46)

The variation of (46) in A and ¥, performed in Appendix
D, yields

(47)

{(€;sinh%X +€jcosh®X )2+ ((1+¢,)sinh>X + (1+€_,)coshX )2} /2

K =
(sinh®X +cosh?X )

) (48)

where we have defined €. ,(X)=8%,,(X)/¥,sinhX, €, (X)=[(d /dx)8V . (X)]/V coshX, and { )= [PdX. We can

appreciate the relation between the exact and mean-field solutions by comparing Figs.

4(a)-4(c) to Figs. 4(d)-4(f). The

equipotentials for the total field V' =Y,+ %Y from Egs. (39) and (40) are shown in Figs. 4(a)—4(c) for three different
cases. The corresponding mean-field approximations V= ‘V0+°V,, with A and 9 computed from Egs. (46) and (47), are

shown in Figs. 4(e) and 4(f), respectively.

VI. FLUX CONSERVATION

In the synchronous frame, the amplitudes of the dc and
rf components vary slowly with time. Thus, for a moving
observer, V-J7#0, despite the incompressibility. This of
course is due to the varying hub density, which is the
source of the spoke flow. This slow time variation in the
moving frame is connected with the slow spatial variation
in the laboratory by the conservation of the total time
derivative (3/0t),,=(v,0/9y),,=d /dt. We therefore
transform to the laboratory frame to take advantage of
the current conservation imposed by the steady state

there. The current density J(x,y;?) above the hub is
given by
Yox,p;0)= [dx [dYJ,+I)8(X —x)8(Y —y +u,1)

X[G(Y—Y,(X)—G(Y—Y,(x)],
(49)
where the term

. _ 1 d‘VO
Jo(X,Y)=n.(y(X)) %o Tax (50)

is the contribution from the dc drift, and

ne (F(X) | o
LX,Y)=——5—2xE,,

- (51)
— VY, (X,Y)

E(x,v)=

results from the rf drift. The 8 function transfers from
the synchronous frame to the laboratory frame. The step
functions G make the density zero outside the spoke
boundaries given by the curves Yl ,(X). The dc current
component is given by the rf perlod averaging of (49),
yielding

_L ttw
(J(x,py,1)) = Py f,v,,dt J(x,y,t)

1 Y, , '
=— [ JdY'[JyX, Y)+3,(X,Y)] . (52)
Ty,

Thus the period-averaged current in the laboratory frame
at position y and time ¢ equals the wavelength-averaged
current in the synchronous frame with its origin at
y=u,t.

Taking the dc component of the continuity equation in
the laboratory frame, and using the steady-state condi-
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tion d/0t =0, yields
V-(J)=0. (53)

Condition (53) is exact, independent of the adiabatic ap-
proximation d/dy <<1, and imposes flux conservation
along the streamlines in the laboratory frame. It follows
that the dc current through any cross section between the
streamlines is conserved. In particular, choosing the
length of the y cross section equal to one wavelength (27
in normalized units), one finds from (28) and (9)

L(X;y)=2mh{J (X;y))=I,(X;t)
—hﬁf?deﬁ (7)sinhX cos(Y+9),  (54)
= ?, q Mo(y)sinhX cos Y,

where i/\'l(X ) and ?Z(X ) are the two streamlines defining
the boundaries of the plasma spoke. The spoke current
I, is invariant along the flow, and equal in both frames of
reference.  Current conservation implies I,(X;y)
=1,(d;y —v,7(X))=1y(y(X)), where the current I, at
the spoke base is

~ 2162
Io()—])zhAno(j)_)

(55)

It is sufficient to know the current at the base of the
spoke at previous times ¢, or positions y, to determine the
current anywhere inside the spoke at later times. This is
shown schematically in Fig. 5. The average flight time
7(X), which is usually much longer than the cyclotron
period,

5\)2
[, dYry(X,Y)cosY

Y
X = 1 , 56
X sinY, —sinY, (56)

is computed in Appendix B.

The y component I, of the dc current is also conserved
between streamlines. However, since no two full cross
sections across the anode-cathode space can be connected
with the same streamlines, the total y current flowing
along the tube (“circulating current’) is not conserved.

=

X2

I ' ' “:: '

0

Yo

FIG. 5. Sketch of the spoke motion in the synchronous and
the laboratory frame, illustrating the effects of flight time and
flux conservation.
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VII. EVOLUTION OF THE RF SIGNAL

The slow amplitude evolution along the tube for a rf
signal of given frequency w is obtained from the energy
balance equation in the laboratory frame. By averaging
Maxwell’s equations over the fast temporal and spatial
scale, one obtains at steady state

W)
g dy

v =<J'E1) > (57)

where v, =dw /0k is the group velocity, W is the rf ener-
gy density W=E? /8, and J is the total current density
Eq. (52), including the spoke-charge effects. The equation
for the low phase shift is obtained from

2ug<W>§ﬁ‘i=<J-E'1> , (58)
dy

where E | (ky)=E,(ky +m/2). In complex notation, the
right-hand sides of Egs. (57) and (58) are the real and
imaginary parts, respectively, of {(J-&,), where &, is de-
rived from the complex potential
V=V, (ple¢Weiky=ot)  The current from the cyclotron
rotation J.=n (X, Y)fdvlvi is absent from Egs. (57) and
(58). It is shown in Appendix C that the average energy
exchange (J_-E;) of a uniform distribution in the cyclo-
tron angle 6 is zero for any value of kp.

We now compute the averages in Egs. (57) and (58)
over the volume of a slice of the tube one wavelength
long. The volume on the left-hand side extends over the
total cross section AS to include the energy stored in the
vane structure above the anode (“anode circuit”). Since,
on the other hand, energy exchange occurs only in the in-
teraction space, the right-hand side comes from the
volume element AxAyAz with Ax =D, Ay =A=27 and
Az=h, the axial length of the tube. Equation (57) then
yields

hggue [ e w= [P e s

Expression (59) amounts to averaging over the volume of
a “window” one wavelength long, centered around y, the
traveled distance along the tube. Truncating the X in-
tegration at D <D takes into account that the average
GC position at the moment of impact lies below the
anode; neglecting rf drift corrections, 5=D~p. The
left-hand side, the power flow along the tube, is by
definition related to the interaction impedance Z; by

"
v drw= . (60)
& f f AS 2Z,;
Substituting Eq. (60) inside Eq. (59) yields the growth-
rate equation for the amplitude V;:
8 Vi
dy 2Z;

=%f0ﬁdx Jlay3E, . 61)

The equation for the slow phase ¢, from the averaging of
the right-hand side of Eq. (58), is
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v? 3 _h b A - where the in- and out-of-phase vacuum fields are given by
2— == ‘E, .
27 o 2 ax [[ayIE, (62) ) '
V,coshX sinY
Expression (52) for the total crurent is employed to evalu- E,= |5 .
ate the dot products in the rhs of Egs. (61) and (62). To Vi sinhX cosY (64)
that purpose, we first express the mean rf field inside Eq. V,coshX cosY
(51) for J, in terms of the vacuum cavity (unperturbed) rf E = = .
fields. From E,(X,Y)=—VY,(X,Y) it follows that — VisinhX sin¥
El =cos({)E, +sin($)E1 (63) Combining Egs. (51), (63), and (64), one obtains
J
j.B,= ";)X) [B,E,+sin(d) (2XE,)E,]
n(X)
=79 [E0E1y+s1n D) ( WE+EE,)]
n(xX)v, ~
= T[EO X)sinhX cosY + ‘A sin(¢)) ¥ sinh2X], (65)
3.8,= ”g{) [By-E, +cos(d) (2XE,)E,]
=127 ”( [E0E1y+cos $) (—E, E +EE,)]
n (X) Vl ~ . . A~ AL =~ .
=———[Ey(X)sinhX sinY + LA cos(y) V sinh2X] . (66)

Q

Inserting expressions (65) and (66) inside the rhs of Egs. (61) and (62), respectively, the amplitude growth and the phase

slippage equations are recast in the form

v, _ hz fﬁdXﬁo(X;y)no(Y)Lsmh f *dY cos(Y +)
dy 27V, d Q sinhD
+Asin(i) [ X no () Qsm;D sinhX cosh(X) J ;ZdY (67a)
%f=— :ﬂZV’% [fdﬁdXEO(X;y)no(F)ﬁsinh(X)fzdesin(Y+$)
+7\cos<$>fdﬁdx n,,(y)Q—sm;—Dsth cosh(X f? dy (67b)
[
The main nonlinearities in Eqs. (67) are hidden in the iq_b____ Vz 1 f dXE X)L (X;9)+0(F2) . (68b)

spoke boundaries Yl ,(X), which are nonlinear functions
of V, according to the Hamiltonian flow (9), and in the
delay time of the retarded position y.

The evolution equations can be put in a more instruc-
tive form by neglecting the terms O(¥?) in the rhs of
(67b), since usually kV,/E,<<1. Utilizing expression
(54) for the current I (X;y), Egs. (67) are reformulated as

dy 277'V1

Af dX Eo(X;y) L (X;3)+0(V3) ,

(68a)

dy 2T

Thus the lowest-order power gain is determined by the
streamlines reaching the anode, i.e., the in-phase (“resis-
tive”) current I, as one would expect from a simple cir-
cuit model. The phase slippage is related to the out-of-
phase (“reactive”) current I, defined by the substitution
cos(Y+9)—cos(Y+P+m/2)=—sin(Y+¢) inside Eq.
(54). Note that current conservation, Eq. (55), allows the
substitution of I, (X;y) with the current at the spoke base
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in the retarded location I,(¥); conservation does not ap-
ply to I,. In perfect synchronism we have only resistive
current with zero reactive contribution, I, =0 and
d¢/dy=0. Far from synchronism we may have pure
reactive current 1, +» even when the anode current is cutoff

I,=0and dV /dy=0.

VIII. DISCUSSION OF THE DIELECTRIC EFFECTS

The importance of the spoke-charge effects can be ap-
preciated by comparing the growth rate, Egs. (67a) and
(67b), with the growth rate in the absence of spoke self-
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of the “unperturbed” spoke boundaries. The spoke boun-
daries in the mean-field potential are shifted relative to
their location in the vacuum fields by —%. If one defines
(cosY) and (sinY) as the averages over the unper-
turbed spoke boundaries, then the self-consistent spoke
boundaries yield

YZ_J ~ LA .
fy 7@chosY=cos¢(cosY)+sm¢(smY) ,

;72,1; (69)
fY ﬂdesinY:cos@(sinY)—sim//(cosY) .

1

fields. To do so, we must first express Egs. (67) in terms Combining (67) and (69) yields the final result
|
dV] th D Vl YZ
= X Eo(X;p )0 (7)—————sinh(X) [_"dY cosY
& e cos( )fd d X;yne( )Qsth sinh( )fyl cos
+sin($) [ Pdx Eo(X;p)n (“)Lsinh(X)fydesinY
g BTG GinhD v,
+ 1A sin(®) [ 7dX no(3) AT h2x) [y (702)
=/\ SIn Ro n
: D ¥ Qsinh’D Y,
i¢__ o th A~ D N . _ Vl
dy = e cos(¢)fd dX Ey(X;y )no(y)——QsinhD sinh(X f dY sinY
*sin({b\)fDdXE (X;y)n (_)Lsmh f dY cosY
d 0¥ MotV () sinhD
LA A D _ V% . YZ
+4Acos(d) [ “dx ne(P) smh(:z)()fY1 dy (70b)
The earlier results [13,14], neglecting the spoke-charge '=sy+ick. (72)

eﬂ'ects, are now recovered from (70) at the limit A=1 and

=0

v, _hz f dXEo(X,y)no( )
dy 27rV1
Vi
XEsmh f dY cosY , (71a)
idf: ZhﬂZVz fddXE( ;¥ Ine (y)
Vi
><—Q—s1nh f dY sinY

V? Y
+%fdﬁdX no(y)=g sinh(2X) [ “ay

Q
(71b)

The self-field effects of the spoke now become transpar-
ent by first observing that y=(1/V,)dV,/dy and
k=d¢/dy are the real and imaginary parts, respectively,
of the complex growth rate

A comparison between Egs. (70) and (71) shows that in
the low space-charge-density limit, when A=1+4+0(e),
1»=0(e), |€| << 1, one has
y=cos($) yo—sin($) ko +0(€?) , -
e~ N 7
k=sin(1)) y,+cos(h) k,+0(e?)

where the subscript (;) denotes absence of spoke fields.
Thus, the lowest-order dielectric effects manifest as a ro-
tation of the complex growth rate by the mean-field phase
shift 1//

r=eilr, . (74)

The total power P, — P;, transfered to the wave over the
tube length is, using J, =1, /27h,

IN) fd3rJE1——f dy,\f dX I.(X;y)

vol
XEyX;y), (19

where L is the interaction space length. Exchanging the
order of integration in Eq. (75), letting E(X;y)=~E(X)
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(small variation of E, over the interaction space), and ob-
serving that at steady state the total current
IX(X)E(I/Zﬂ)f{)‘dy I.(X;y) through any plane parallel
to the cathode is constant and equal to the anode current
I,, one obtains an upper limit for the efficiency
N=(Poy —Pin) /L Vg,

b L, ~_ .
5 fd dXEO(X)fo dy AT'L(X;p)

Ianc
d E.
2D E,,
~|L|]|i—d*e d (76)
A D 1—-9
2D

In Eq. (76), E4. = — V4. /D, the total dc anode current is
given by

1 L
=5 7
L=o-[ dy L), (77

and (1/A)=(1/L)[ldy/A. The equals sign in the
efficiency Eq. (76) applies in the case of magnetrons
where the spokes and the rf amplitudes do not vary
along y.

The effect of the space-charge electrostatic energy on
the tube interaction impedance is now briefly addressed.
By definition, the interaction impedance relates the total
power flux 7 along the tube to the rf voltage at the
anode,

Vi =P=P
2z,

(Vi) FPAVY) . (78)
The power flow in the “anode circuit” 7, the structure
supporting the slow wave, depends mainly on the circuit
characteristics and is not changed considerably by the
charge circulating in the anode-cathode gap. The latter
affects mainly the power flow in the anode-cathode gap,
given by

Pu=veh [ "dx [y . 9)

1
oo il 3nV,

where the first term represents the energy stored in the
vacuum fields and the second is the potential energy of
the space charge in the rf field. Thus, the ratio of the
cold cavity interaction impedance to the self-consistent
value is given by

1+ Pt
Zi _ ?cir (80)
z? 4 Lt
7—)cir
Given that
D 27 1 2
7 fo deO dY—|E,|
?_1+ 5 o , (81)
of fo deO dYinV,

and that 7% is usually much smaller than the circuit
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power flux 7, Egs. (80) and (81) yield for P%/?

Jlax [Tay v, g

T

D 27 1 2 P
Y—IE cor
fO deO d 3 | 1|

<1

Z,-:Z? 1— (82)

For the simulated case, the ratio P%/P, .~ over the
operation frequency band, thus the impedance
modification remains small when the spoke self-energies
are of the same order as the energy stored in the vacuum

field of the anode-cathode space.

IX. NUMERICAL SOLUTIONS AND DISCUSSION

Differential equations (20), (67a); and (67b) for ng, V|,
and ¢, supplemented by the dielectric response Eq. (40),
the mean-field parameters Egs. (47) and (48), and the aux-
illiary equations (21), (22), (55), and (56) for the secondary
emission, the impact energy, the spoke current and the
flight time, respectively, consistute a closed set. A nu-
merical algorithm has been constructed for the integra-
tion of the above equations. The exact spoke fields, ob-
tained from the spoke boundaries at a given simulation
step, are used to compute the amplitude growth rate and
phase shift. The mean-field approximation is then em-
ployed to update the spoke boundaries for the next step.
Earlier numerical results, ignoring spoke-charge effects,
have appeared in previous reports [13,14]. The physical
issues for CFA operation have been discussed there in
some detail. Here we focus on the effects caused by the
inclusion of spoke charge. The evolution of the hub den-
sity, rf amplitude, and phase, during a typical pass
through the tube, is shown in Fig. 6. The dashed lines
show results for the same pass when spoke-charge effects
are turned off. The normalized cathode field E,/E,, the
spoke current at the top of the spoke I, (normalized to
the total anode current), and the quantity 8*=6—1 for
the same pass appear in Fig. 7. The tube parameters are

4.15

8.30
Y /A

FIG. 6. Evolution of the normalized rf amplitude, rf phase
and hub density during a single pass for V4 =3.991,
P.(in)=0.263, B;=2.29, and midband frequency. Dashed
lines show results without spoke fields.

12.45 16.60



2854

0.00 4.15 8.30 12.45 16.60
Y/

FIG. 7. Same as in Fig. 6 for the cathode field, the secondary
emission margin 8* =8—1 and the spoke current j, (normalized
to 15 of the total current, jo =101 /I,).

V4.=3.991, B=2.29, P (in)=0.263 and midband fre-
quency f, corresponding to an interaction length of 16}
wavelengths. The hub height was fixed at d=d,
throughout the parameter range, where the Brillouin
height dy =D[1—(1—2V 4, /D2Q?)'/?].

The importance of the spoke charge can be inferred
from the results in Fig. 8. Shown are the dielectric
responses (€;) and (e_,), averaged over the anode-
cathode gap, against the traveled distance along the tube.
Also plotted is the ratio of W /W, where W=W .+ W

is the total energy in the gap (per wavelength), W is the
spoke charge electrostatic energy,
D 7, - _
Wesz%fo de?I dY V,(X,Y)no(y) , (83)

25— ———
(W/W 1/2
2.0 | &
1.5 |
1.0 = ~a_
' ‘\
[ e
0.5 - r
| €
te '_---________-_1_
0.0 }----— --------------
-0.5 * = -
0.00 4.15 8.30 12.45 16.60
Y /A

FIG. 8. Dielectric effects along the same tube pass as in Fig.
6. Plotted are the in-phase and out-of-phase dielectric responses
(€e4;) averaged over the anode-cathode gap, and the ratio of
the total gap energy to the vacuum rf energy.
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and W is the vacuum rf energy,
__1 rp %, 2
W,f—gfo de?] dY E? . (84)

An interesting feature is that dielectric effects peak early
during a tube pass, at low rf power and spoke current,
and then decrease monotonically, despite the increase in
the spoke current. The spoke charge responsible for the
dielectric effects builds up within the time interval that a
rising spoke reaches the anode. The spoke charge and
the related self-field remain nearly constant thereafter,
since the hub density feeding the spoke changes little over
the rest of the interaction space. However, the current
keeps increasing, because the flow velocity u ~V,, Eq.
(13), increases as ¥, grows. After the fully developed
spoke has formed, the rf wave energy, proportional to V3,
grows much faster than the electrostatic spoke energy,
proportional to V|, and the dielectric effects start de-
creasing.

The evolution of the araplitude factor A and the phase
shift {ﬁ are shown in Fig. 9. When A > 1, the mean-field
amplitude exceeds the vacuum value and tends to
enhance the spoke current, while the phase shift 1//;\ pushes
the streamlines out of phase relative to the wave phase at
the anode. Thus spoke-charge effects generally tend to
increase the local field strength and current flow and at
the same time pull the current phase out of synchronism
from the wave phase. From a comparison with Fig. 8, it
is obvious that the mean amplitude AV, is less than the
average amplitude V,=V,V/ 1+ W /W defined from
the total energy in the anode-cathode gap. The ratio of
the growth rate y, Eq. (70), to the growth rate without
spoke-charge effects, Eq. (71a), also plotted in Fig. 9,
demonstrates the combined effect of A and .

To obtain the time-averaged, near-steady-state opera-
tion quantities, such as the average total current at the
anode, the average output rf voltage and the average
phase slippage from the nominal frequency, the code runs

4
‘ Yy
1.2 | LA
L rd
1.0 ~== -
0.8 [
0.6 [
0.4 |
0.2 -
0.0 ~.. v -
-0.2 *_—‘-_"‘_'l:;t__----:--L --------- I...
0.00 4.15 8.30 12.45 16.60
Y /A

FIG. 9. Plot of the mean field factor A, the mean phase shift
¥, and the ratio y /v, where ¥, is the growth rate without
dielectric effects.
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over many tube passes. The debunching of the spoke in
the drift space of the tube is modeled by reshaping the
charge distribution of the exiting spoke into a trapezoidal
profile, 27 wide at the base, 7 wide at the top and cen-
tered at Y=0. The total charge is conserved in this intui-
tive treatment by adjusting the spoke-charge density, but
the circulating current is not. The hub-charge recircula-
tion in the drift space is modeled by integrating the densi-
ty Eq. (20) setting the current at the top of the hub I,=0.
The impact energy for the secondary emission is deter-
mined by the self-field of the ‘“collapsed” spoke. After
reentering at the input, the spoke remnants are con-
sistently treated, as part of the total space charge. They
contribute to the charge of the new, rising spoke and in
the anode current. The results, plotted in Fig. 10, show
the relative rf amplitude V ((out)/V ., the phase pushing
A¢p=¢(out), and the hub density n, [in units of the Bril-
louin density ny =(m, /4me?)Q?] at the output versus the
pass number. The same quantities without dielectric
effects appear as dashed lines for comparison. The total
anode current I, during each pass, given by (77), and the
total current at the top of the plasma hub I (given by a
similar expression), are shown in Fig. 11 with and
without dielectric effects. The difference between the
anode and the cathode current is due to the finite time of
flight 7. The charge emitted from the cathode near the
end of each pass T—7<t<T, T=L /v, being the tube
transit time, reaches the anode only after the spoke
reenters at the input (anode current at the drift space is
negligible). In the previous code version, which neglected
spoke feedback, this current is unaccounted for at the
anode. With the inclusion of the spoke feedback, the
disparity between the anode-cathode current is reduced,
but the current conservation at steady state I, =1 is still
not satisfied. The reason is the intuitive way of handling
the spoke collapse in the drift space, which preserves

1-0 T T T T T T
i n/nB A‘
0.8
0.6
0.4 [
L VIV
0.2 [ _oem=mm=m==—=a- |
0.0 -
-Ad/T
0.2 ——
-0.4 S S — S L L
0 2 4 6 8 10 12 14
N
p

FIG. 10. CFA parameters at the output vs pass number.
Shown are the normalized rf amplitude, rf phase, and hub densi-
ty. Solid lines are results without spoke charge effects. The
operation parameters are ¥V, =3.991, P(in)=0.263, and
B =2.29 at midband frequency.
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FIG. 11. Same as in Fig. 10 for the total current at the anode
I, and the top of the hub I,

charge but not current (current conservation has been
achieved by recycling the spokes unchanged, but this
leads to a magnetronlike situation and does not apply to
CFA’s).

A convergence to a quasisteady state, characterized by
small pass-to-pass fluctuations, has been observed over a
wide range of operation voltages, frequencies, and
secondary-emission coefficients. The existence of the
steady state is independent of the initial startup density.
The solid line in Fig. 12 shows the characteristic V-I
curve (dc current I against V), obtained from the final
steady state of multipass simulations, at midband opera-
tion frequency, given magnetic field B =2.29 and rf input

40
35 |
30 |
25 a
20 *

15 [

10

5 C 1 ]
3.8 3.9 4.0 4.1
v

dc
FIG. 12. Comparison of steady-state V-I curves (nondimen-
sional units) at midband frequency. Solid line shows the full
self-consistent spoke treatment. The dotted line shows results
without spoke charge effects. The dashed line includes spoke
charge effects in the interaction space but no spoke reentry. Ex-

perimental points are marked by X’s.
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power P =0.263. For comparison, the dotted line
shows results without dielectric effects. The dashed line
includes dielectric effects in the interaction space but
neglects spoke reentry. Figure 13 shows the rf output
power corresponding to the results in Fig. 12. Finally,
the phase pushing at the output from the nominal vacu-
um dispersion is shown in Fig. 14. Good agreement with
the experimental data marked by X’s is achieved. Ac-
cording to these results, the spoke self-fields increase con-
siderably both the rf output power and the dc current.
The current increase reflects in part the increase in the
average rf field strength, caused by the superposition of
the 90° out-of-phase spoke rf field. Equally important is
the contribution from the spoke-charge reentrance in the
input. It has been shown numerically that spoke recircu-
lation increases the output power and anode current even
at 180° out-of-phase reentry. The general streamline to-
pology is always such that most of the reentering spoke
charge will eventually be recycled towards the anode, re-
sulting in a net current increase and power gain. The
agreement with the experimentally observed behavior
and the reduction in computation time are major features
of the GC model. Note that the per-pass computer CPU
time is ~ 10 sec for a CRAY-2 computer, three orders of
magnitude less than particle codes [18,19].

Space-charge recirculation establishes a feedback
mechanism between the input and the output that plays a
crucial role in the tube noise. It has been already shown
[15] that recycling of the hub charge alone may lead to
chaotic oscillations in the output when the secondary-
emission coefficient exceeds certain thresholds. The
input-output coupling via the spoke recirculation consti-
tutes an even stronger feedback mechanism, which will
be examined in a separate study. Our preliminary obser-
vations show that the output fluctuations over many tube
passes depend on (a) the spoke reentry phase relative to
the input signal and (b) the degree of spoke “debunching”
in the drift space. The rms noise maximizes for in-phase
reentry with no spoke debunching. Noise levels and their

rt

3.8 3.9 4.0 4.1

dc

FIG. 13. Same notation as in Fig. 12 for the rf output power
vs V4 for fixed input power and midband frequency.
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100
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60 |
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40
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FIG. 14. Same as in Fig. 12 for the phase pushing A¢ from
the nominal (vacuum) dispersion at the output.

sensitivity to the reentry phase subside with increased
spoke collapse in the drift space. The examination of the
rms fluctuations along the tube reveals that the noise lev-
el builds up within the first one-third of the interaction
space, and remains constant or even decreases for the rest
of the interaction length. Thus the recycling of the spoke
remnants combined with the new spoke formation ac-
counts for most of the overall intrinsic noise in the tube.
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APPENDIX A: IMPACT ENERGY

Secondaries are born with energies of a few eV, much
smaller than the dc drift velocities, of the order of hun-
dreds of eV. For simplicity, the impact energy is evalu-
ated, assuming that the electron was originally emitted
with zero energy in the stationary (laboratory) frame.
The orbit in the crossed electric and magnetic fields of
Eq. (5), including the effects of the charged hub, is a de-
formed epitrohoid: an elliptic orbit around a guiding-
center drifting with velocity

_ <k 1 (A1)
ve=""0 wf, .
o

Switching to dimensionless variables, one has v, =p Q,

where p,=(E,/Q%)/(1—w’/Q%). In the frame moving
with the cathode drift v,, the orbit becomes an ellipse:

2

1— 2

QZ

(x —p )+ yi=p?, (A2)
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centered around a stationary guiding center, located at
X.=p, and Y,=yp,. When the hub height equals the
Brillouin height dg, it can be shown, using Eq. (7) for E,,
that p, —dp(1—dp /2D), independent of the hub density.

Particles born with 7/2 <Y <37 /2 will be driven back
towards the cathode by the rf field and will strike again
within a time interval less than a cyclotron period. The
impact energy will be evaluated first with no space
charge, w, =0, and the result will be generalized for finite

@,. Thep downward kick received by the electrons
guiding center within time 7=~27/Q, is, using Eq.
(12), 8X=u, (X=p,Y )r=(V,/Q)7sinhp cosY’. Here
Y'=Y—w't, where o' =w—kv,70, since v, is in general
less than v,. Because o' <w<{, Y’ does not change
much over a cyclotron period and is taken as constant
during the kick. If 8, is the impact angle relative to the

cathode surface, one has
pc(1—cosB,)=8X , (A3)
pc[1—cos(0,—Q7)]=0, (A4)

where p. =E, /Q?. Because of the smallness of 8X com-
pared to p., 6, is <<1 and one obtains

9 172
6,~2sin—=2= | 22X (A5)
2 Pe
from Eq. (A3), and
172
7=— |27 —sin"! 25X (A6)
Q Pe

from Eq. (A4). The impact velocities in the moving
frame are the superposition of the cyclotron motion and
the rf drift. Subtracting v, to go back to the stationary
frame yields

. V
vy =v,sind,+ ~Ql~sinhpccosY , (A7)

. V
v}ﬁ=vc(1—cosez)—ﬁlcoshpcsinY . (A8B)
Averaging the impact energy &, =1(v?+v}) over Y, as-
suming uniform density, it follows that

47, Vi

. 1.
Q sinhp, + 102 sinh’p,

(g;)=

Ve

372

+1/ 41,

Vi
q Sinhpc
732

1 Vi
+ Z?)—;coshz ¢

27V,
Q

sinhp, (A9)

1
4
Given that ¥V sinhp,/Q is a small quantity (typically

<0.10 at full power), the dominant contribution comes

from the first-order term in V,:
EL‘ 7 .

s,-=4-(—)7Vlsmhpc . (A10)

The second-order terms become important when E, =0,

since then v, goes to zero, and
"

i E{COSh2 c -

The effects of the space charge are introduced by replac-

ing p and Q in Egs. (A10) and (A11) with p and Q, re-

spectively.

(A11)

™

APPENDIX B: FLIGHT TIME

To determine the density n(X;y) and the current
I(X;y), we need the flight time 7. In general, 7 is a func-
tion of both coordinates of the original d, Y, and present
position X, Y of the fluid element:

ax’
3sinh®X’ — Uy + AV (X")2}172 7

(B1)

where U, =V sinhd siny,+AYV,(d), and Y, is related to
Y through

X
TO(X,Y)=Qfd 7

siny, —sinySnhX 8o X) 7 AVo(d) (B2)
0 sinhd 7 sinhd '

One can, however, define some average flight time
7(X), by requiring current conservation:

1 4
de no(y —v,70(X, Y))?lsinhX cosY

_ v, .
=n0(y(X))de?sth cosY . (B3)

-

A first-order expansion of both sides in 7 and 7, results in

Y
fY 2aVYTO(X, Y)cosY
T(X)= 1

B4
sinY, —sinY, ’ (B4)

where 7,(X,Y) is given by (B1).

APPENDIX C: EFFECT
OF CYCLOTRON CURRENT

It is proven here that the energy exchange between the
rf wave and the cyclotron part of the electron motion is
zero for uniform gyroangle distribution around each
guiding center. The total electron velocity is v=U++v,,
where U given in Eq. (20) includes both the dc and the rf
drifts, and v, is the gyration (cyclotron) velocity. Note
that since U depends only on the local fields at the
guiding-center location, any thermal spreads appear in
the cyclotron velocity. The phase space can be complete-
ly specified by the guiding-center coordinates (X, Y), the
cyclotron velocity v, =|v,|, and the gyroangle 0, in place
of the usual coordinates and velocities x, y, v,, and v,.
The electron distribution in phase space F(x,y,v,,v,) is
thus expressed as

F(X,Y,v.,0)=n(X,Y)f(v,,0) . (ChH

The GC velocity U does not enter the distribution as an
independent variable, since it is completely specified by
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the particle’s GC position. The two expressions for J-E,,
nGx,p) [ 7 dv, [ 7 dv,f(v,,v,)v-E(x,p,t)  (C2)
and

n(X,¥) [ “dv.o, f:"d@f(vC,B)(U+vc)-E(x,y,t) ,

(C3)
are fully equivalent. For a uniform distribution around
each GC,

1
f(vce)=5;f0(vc) , (C4)

the cyclotron current contribution to the energy ex-
change is

JoEq=n(X,Y) [ “dv.o, fz”de 5 Folv Ve Elx,p,1) .

(Cs5)

One could now expand x=X-+(v./Q)sin(0)y
=Y+ (v, /Q)cosO in the argument of the electric field,
and take the 6-average term by term. A direct and more
elegant approach is to notice that

27
[ Tdov.=ada, (C6)
where ¢ is the circumference of a circle of radius
p=v./€Q. Then, according to Stoke’s identity,
2
J.d6v.E=a$dlE=0 [(VXE)do , (e
where the surface integral is taken over the area of a cir-

cle of radius p. The last term is zero for the electrostatic
approximation VX E=0; thus for uniform 6-distribution

J-E=0. (C8)
This result holds for any time or space dependence of E.

In particular, it is true for any wavelength-to-gyroradius
ratio A/p. A uniform distribution in 0 is the statistically

:~2 D —_
1 V,fo dx — |

+ LA%[sinh?X +cosh?X ]+ L[ 1+ €}(X)2cosh?X + 1+€(X)Psinh®’X +1[€2 (X)+€2,(X)] .

[1+€(X)]cos+e_ (X)sing } A cosh®X —
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most probable distribution in the absence of cyclotron
resonances and relativistic bunching effects.

APPENDIX D: EVALUATION
OF MEAN-FIELD PARAMETERS

The mean-field rf potential is parametrized by A and
1,0 We must define these parameters so that the para-
potential flow u~—cV‘V1><B/B2 resulting from the
mean field is the best match to the exact flow
u=—cVYV,XB/B2 Thus A and ¢ are obtained from
the minimization of

D 2T A Y A A
I=["ax [ Tay @X[VV(X, V)= VV,(X, ¥;R, )12

D1
Equation (D1) is also written as
D 2T -~ N
I= fo deO dY(|[E,—E,|*+|E,—E,[>)?, (D2
where
—E,=V,[14+¢€(X)]coshX sinY
+V,€_(X)coshX cosY ,
—E,=V,[1+€,(X)]sinhX cosY
—V,€_(X)sinhX sinY ,
—E =AV,coshX sin(Y +9) ,
—E,=AV,sinhX cos(Y +9) ,
and we have defined
8V (X)
ey (X)=——77,
V,sinhX
d (D3)
B E}S‘Vil(X)
Eil(X)ﬁ—_’V*—‘—
V,coshX
After integration over Y, Eq. (D2) becomes
{[1~+61(X)]cos$+e”1(X)sin$ } A sinh®X
(D4)

Expression (D4) has an extremum at Ao B, if 31 /DA =0, dI /3=0. Setting the partial derivatives of Eq. (D4) in A and

w to zero leads to

cos(P){[1+€(X)

sin($){ [ 1+ €}(X)]Jcosh?X +[1+¢€,(X) Jsinh?X )} =cos(){€_ (X)cosh’X +e_,(X)sinh2X ) ,

Jeosh®X +[1+€,(X)]sinh®X ) +sin($){ €_,(X)cosh’X +€_,(X)sinh’X ) =A{cosh’X +sinh’X ) , (D5)

(D6)

where ( ) = [§dX. Solution of the system (D5) and (D6) and use of the trigonometric relations cos())=1/V1+tan2y),

sinz?;: tan(?) /V 1+ tan?y yield the values
(€;sinh’X +€jcosh’X )
{((14+¢€,)sinh®X +(1+€_,)cosh’X )

1

{#\0 =tan

(D7)

° (sinh%X + cosh2X )

A [{€;sinh?X +€jcosh®X )2+ ((1+¢,)sinh®X +(1+€_;)cosh?Xx )?]1/2

(D8)



47 NONLINEAR SELF-CONSISTENT THEORY FOR CROSSED- . ..

If we recast Eq. (D7) as tan,= 4 /B, we find from Egs.
(DS5) and (D6) that

%I

—=5 ={cosh’X +sinh’X ) >0, (D9)
3 _ 4 2 indy=AvV 121 B2
ag2 ~ AB costhg+ 4 sindhg)=AV 4*+B*>0,  (D10)

0

2859

I

— 2~ =B sint)y— A4 cosi,=0 . (D11)
aAoa% 1/}0 1/’0

From Egs. (D9)-(D11), it follows that A, and ),
minimize I and thus give the best approximation to the
exact parapotential flow.
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